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Abstract 
In this paper, an attempt was made (through theoretical analysis) to solve the problem of fatigue life and strength of an asphalt 
material modified with crumb rubber. The authors used the developed earlier idea of the possibility of micro-cracks propagation
retardation and their arrest in heterogeneous systems (Kaplan and Chekunaev (2010)). In this paper, the authors calculated size of
crumb rubber particles significantly slowing down rate of microcracks conversion into macrocracks. It was shown that the most 
optimal size of bitumen modifier particles (crumb rubber) is ultra-small (200 - 600 nm).  
© 2014 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of the Norwegian University of Science and Technology (NTNU), Department of 
Structural Engineering. 
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1. The model of cracks growing in heterogeneous materials under cyclic loading 
   The problem of asphalt concrete pavement strength and the fatigue life increase are fundamentally important. The 
pavement materials are composites consisting of gravel, sand and binder (bitumen) in rationally chosen ratios. Some 
success in the strength increasing of such pavements has been achieved recently by adding to composites one more 
component such as an bitumen elastic modifier in the form of small particles of synthetic rubber (SBS), or tire 
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crumb rubber in relatively small amounts (less than 0.6% by total asphalt weight). For a long time the problem of 
the strength and durability increasing of asphalt has been solved mainly empirically. However the experimental 
research in this area could not solve the problem of establishing the optimum sizes of added in binder (bitumen) 
elastomer particles providing maximum durability of asphalt pavements. Theoretical studies on this issue also shed 
little light on the problem. In this paper we undertake an attempt to solve the problem with use of the theoretical 
analysis of the nucleation and growth of microcracks with their transition into the meso- and macro-cracks. The case 
of bitumen modified by crumb rubber was considered in details. The problem solving of increasing of asphalt 
concrete pavement durability is reduced to the problem of preventing the formation of cracks in asphalt pavements. 
It is well known that the strength and durability of asphalt concrete is determined primarily by the possibility of 
prevention of the macrocracks formation in asphalt binder, which is bi-component composite of bitumen with elastic 
modifier inserted therein. In present theoretical study of prevention microcracks conversion into macrocracks in the 
noted composite were used classical notions of Griffiths and Orowan. These notions, suitable for description of the 
cracks behavior in homogeneous materials, were modified for description of crack development in heterogeneous 
materials (Kaplan and Chekunaev (2010)). An important factor influencing the cracks growth in the operating roads 
asphalt pavements is a permanent impact on such coatings of cyclic mechanical loadings. In this paper the negative 
Celsius temperatures were considered, when the material can be regarded as solid and elastic with sufficiently high 
accuracy. It is at such low temperatures the cracking occurs mainly.  
Experimental studies have shown that in heterogeneous materials, such as asphalt, at various stages of their 
manufacture, processing, and operation usually occur internal high local stresses. This leads to formation in the 
asphalt concrete binder of nucleus micro-voids with thickness of several intermolecular distances and characteristic 
dimensions (diameter or length) about 20 ÷ 50 nm (Cheremskoy et al. 1990). In stressed brittle materials (such as 
bitumen at low temperatures) these micro-voids may have volume concentration c0 = 1017 - 1021 m-3 and can be 
formed for relatively short times (t < 1/30 sec). Initial micro-voids are completely different shape. Some portion α of 
them has shape that can be considered approximately as sub-microcracks (or crack nucleus) with size aini. The 
volume fraction occupied by these sub-microcracks is small (~ 10-5 - 10-4 of the total volume), but under certain 
conditions, their impact on the strength and durability of mechanically loaded materials can be decisive. However, in 
local areas, exposed to increased stress, may emerge new microcracks (Kaplan et al. (2003)).  
Mechanical impact on heterogeneous materials, such as asphalt, leads to the appearance of areas with high local 
stresses σloc = β1·σ0 § (3 ÷ 10)σ0 (Rudenskii, (1992)), where β1 is overstress factor. Areas with the most elevated 
local stress, comparably with the average stress σ0 ~ 1.5 MPa are located in asphalt concrete near the acuminated 
borders of mineral component particles in narrow interlayers of binder between the mineral particles of the asphalt. 
Significant deviations from the average local stress in different parts of the loaded asphalt are well demonstrated in 
Fig. 1 from Rudenskii, (1992) monograph.  
Additional stress concentrators are available in asphalt concrete macrocracks, original and also the newly formed 
under intense mechanical stresses. It should be noted that the local stresses σloc in areas of hetero-structures spaced 
at distance r from a crack’s tip exceed external stress in such structures by β2 = √(a/r) times (see, e.g., Broberg 
(1999)). The estimation gives β2 ~ 50 for the region with the size of 5 microns spaced apart from the tip of the 
macrocrack with length a = 1 cm. Evaluation of the resultant stress near the crack’s tip in the vicinity the border of 
mineral particles gives the value σloc=β2·β1·σ0 > 200 MPa. These high local stresses up to 300 MPa, as noted 
Bucknall (2000), were found also in the polymeric material. It is clear from Fig. 1 that for larger local stress smaller 
spatial scale is typical. Regarding ultrahigh local stress of a few hundreds MPa, the size of the corresponding area is 
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Fig. 1. The distribution of strains ε and stresses σ in the structure characteristic of the asphalt concrete (Rudenskii, (1992)). 
 
between one and several micrometers. It is in these areas the nucleation and growth of cracks occurs, with their 
transformation into supercritical locally. Rubber modifier is characterized both by a slow rate of fatigue growth 
under external cyclic loads and high energy of new surface generation γR, significantly exceeding (by tens or 
hundreds times) of bitumen surface energy γB (here and below index ‘B’ denotes bitumen and index ‘R’ denotes 
rubber). For this reason, the critical crack size acr, above which the crack begins to propagate with high acceleration, 
is considerably larger in rubber than the critical size in bitumen acr(R) >>acr (B). Major role in the polymers strength 
increase play “crazes” near modifier particles, when modifier is added (see, for example, Michler (2008), Pearson 
and Pruitt (2000)). Crazes, i.e. microcracks filled with voids and microfibrils typically occur in a deformed polymer 
sample in the areas of the highest stress. It is important that the energy required for the formation of microcracks and 
crazes reduces fast enough the level of tension of the deformable polymer and thus hinder its destruction. Also, the 
presence of crazes in the vicinity of the modifier particles leads to the fact that additional energy for a new surface 
formation is needed. This means that the effective fracture energy of rubber particles in the bitumen material will be 
greater than of the actual rubber. The principle of braking and stopping (arrest) of fast propagating cracks in the 
mechanically loaded asphalt by elastic modifier particles is demonstrated in Fig. 2. 
 
a 
 
 
 
b 
 
 
 
 
 
Fig. 2. Schematic diagram of breaking and stopping of the disc-shaped crack at meeting with elastic modifier particles in bitumen. a) The cross 
section of modified bitumen sample by the plane coinciding with plane of the disk-shaped crack (shaded). Additional explanations see the text. b) 
The cross section of the same sample by the plane perpendicular to the crack plane (light). Crack surrounded with bitumen (shown in black) and 
partially penetrates into elastic modifier particles (shaded). 
 
For some time τ  the initial sub-microcracks grow to the critical size acr(B) which is sufficiently small in the 
bitumen matrix. These cracks developed enough take the form of disc-shaped cracks and the size of the crack will be 
characterized by its radius a. After exceeding the critical size, uncontrolled fast propagation of crack starts in the 
bitumen until crack runs into obstacle in the form of a modifier particle. And then, as it is seen from Fig. 2, losing 
energy, crack is “pinned” by modifier particles. However, in the materials under study, when exposed to multi-cyclic 
loads such cracks are not deadlocked. Fatigue crack growth, albeit relatively slow, continues. Crack grows faster in 
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the bitumen and much slower on penetrating the elastic rubber component. Then penetration of trapped crack 
through elastic particles of modifier due to the effect of fatigue growth requires a long enough time. 
The critical size of the disk-shaped (penny-shaped) crack is determined from the relation (Elliott (1947)) 
 
 26.1 σγEacr = , (1) 
 
where E is elastic modulus of the material (bitumen or rubber), γ is specific energy of new surface formation, σ  is 
tensile stress. We estimate the values of the critical radiuses in the various components. Values of EB and γB depend 
on material grade and temperature. For evaluation we have chosen intermediate values for low temperatures EB = 1 
GPa and γB=10 J/m2 (Hesp (2004)), ER=150 MPa and γR =30 kJ/m2 (Al-Quraishi (2007))†. Then when σloc=250 MPa 
estimation of the critical radius of disk-shaped cracks gives values in brittle bitumen acr(B) =250 nm, and in elastic 
rubber acr(R) = 110 microns. Grown to a size greater than the specified value acr(B) , the crack can quickly accelerate 
and turn into destructive trunk cracks in the unmodified bitumen. To prevent such cracks growth the modifier rubber 
particles should be added to the bitumen. Let us give here briefly the theory of crack arrest by modifier particles in a 
solid (Chekunaev and Kaplan (2011)). The total energy of a disk-shaped crack with radius a is:  
 
 constAAaEaqEakaE RBtot =+−+−= γπγσρσ 2)(22)2(),( 2322232 vv  , (2) 
 
where σ is applied tensile stress, ρ is material density, v is rate of crack propagation,  A is a new generated area at 
crack penetration into rubber component, k and q are constants, of close to 1 order. Critical crack size acr(B)  in the 
bitumen component is determined from the condition dEtot(a,v=0)/da = 0. Hence we obtain acr(B) = 8πγBEB/(3qσ2). 
Comparison with Eq. (1) gives coefficient q = 5.2. The constant in Eq. (1) is determined by substituting v =0 and a = 
acr(B). Then Eq. (2) can be transformed to: 
 
 ( )( )[ ] 0)2(31)2(1 )(2)()(223 =+−+− πAaaaaaa RcrBcrBcrmvv   ,    )(2 ρkqEm =v . (3) 
 
Here vm is the terminal crack velocity at a → ∞. When crack’s front crosses the rubber particles, significant role 
acquires the last term on the left side of equation (3). Approximately, in accordance with Fig. 2, it can be assumed 
that A = zπxd/6, where x is mean path passed by crack in rubber particles before crack’s stop, z ≈ 4 is coordination 
number, approximately equal to the minimum number of inclusions needed to stop the crack. Coefficient of d was 
chosen so that at complete crossing of inclusion particles (x = d) the formed area was equal to the average area of 
particles dissection. Putting in Eq.(3) v = 0, one can find a mean path, xS, passed by initially stationary crack in the 
modifier particles before its stop. Solving the equation (3) one obtains taking a = aS + xS: 
 
 ( )dzaaxx RcrSS )(34==  , (4) 
 
where aS is crack radius, at which the crack stop occurs. In (4) the inequality acr(B) << aS was assumed. To stop the 
crack the condition xS < d, is necessary to be valid, then one has the inequality 
 
 ( ))(32 4 RcrS zaad >  (5) 
 
The relation between aS and z can be found. The circular front of pinned crack becomes undulated (Kamaya (2006)). 
Denote the degree of crack size deviation as δ⋅a. Then the active volume, where passing crack can meet and cut 
modifier particle is 2πδ⋅aS2d. The number of inclusions in this volume, when at least a small part of inclusion 
 
 
† The material parameters are strongly dependent on its type and method of measurement. Intermediate values were used here. 
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particle was caught, is 2πδ⋅d⋅aS2Cm=z. Cm=3rm-3/4π, where rm is the mean distance between modifier particles and Cm 
is their concentration. Since the volume fraction of modifier is equal Vfr = R3/rm3 = d3/8rm3, then one finds that 
 
 dVzda frS
2/12/1 )12()( −⋅= δ  . (6) 
 
Substituting this value in (5), one obtains d < dmax = 0.25(12δ)3/2 z-1/2Vfr3/2 acr(R). Thus, cracks exceeding the critical 
size in the bitumen acr(B) will quickly grow to a size aS(d), until will be stopped and pinned by modifier particles. 
The crack becomes “quasi-stable”. The rapid crack propagation turns into the slow fatigue growth, until its size will 
be large enough.  When crack’s size is large enough it cuts many rubber particles. In this case the material can be 
considered as an averaged medium. The averaged specific surface energy can be approximated as γav = VfrγR and 
critical size in averaged environment as acrav = Vfracr(R).  Thus fatigue growth starts from the size aS and continues to 
the size acrav . For self-consistency, that inequality d < dmax coincides with the condition aS < acrav  one has put δ = 
1/3, and this value is reasonable (Kamaya (2006)). Regions of different stages of crack growth are shown in Fig. 3.  
 
 
 
Fig. 3. Scheme of crack growth in rubber-bitumen composite at a given size d of the inclusion particle. 
 
Thus, the fate of any crack may consist of the following stages. Initial crack nucleus with the size aini ~ 20-50 nm 
grows at a certain fatigue rate until exceeds critical size in bitumen acr(B) (lower shaded area in Fig.3). Then this 
supercritical crack propagates fast in bitumen until stopped by elastic modifier particles (arrow “fast propagation” 
with the end on curve aS(d) in Fig. 3). After stopping by modifier particles (curve aS(d) in Fig. 3) crack will grow by 
fatigue way (wavy arrow "fatigue growth" in Fig. 3) to the critical size acrav of averaged medium (horizontal line in 
Fig. 3). Areas of fatigue growth were shaded. The total time of these stages of crack growth in the local area will be 
denoted as durability. The subsequent fate of crack will be described later. 
Two parallel processes of cracks conversion in supercritical ones can occur.  
   1) The first process is accumulation of cracks on the lower boundary of a quasi-stability (curve aS(d) in Fig. 3) 
with their subsequent merging to a supercritical crack. According to the above, concentration of initial crack nucleus 
is αc0. As it was noted, in result of external cyclic loads during characteristic time τ they go into the supercritical 
state for bitumen and then they propagate fast to the size aS and then stop. Concentration c of stopped cracks varies 
according to equation dc/dt=αc0/τ. At a certain concentration c = cmax ~ astop-3  stopped cracks begin to touch each 
other and in result will merge to form a larger supercritical crack which propagates fast and can in principle destroy 
entire sample. The Paris’ law was used in the calculations of the fatigue crack growth: 
 
 ( )nKCdNda Δ=/  ;   aK loc πσ=     (7) 
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where C and n are material parameters, ΔK is the difference between maximum and minimum values of stress 
intensity factor, N is number of cycles. Hence, the time (measured in number of cycles) of transition into larger 
supercritical crack due to their accumulation and merging, i.e. time required for fatigue growth from the size of crack 
nucleus aini to the critical size in bitumen acr(B) equals:  
 
 )(8 30
2/32/3
0max1 dcVzccN fr ατατ
−
==  . (8) 
 
The transition time τ  (measured in number of cycles), calculated from Eq. (7), equals to N∞(B) in Eq. (9). The value 
of τ can be taken as estimation of durability of the unmodified bitumen. 
   2) The second process is fatigue cracks growth of stopped crack from size aS(d) to the size a = acrav. Assuming that 
the fatigue crack growth occurs under the Paris law (7), we find the number N2 of cycles required to reach the 
supercritical crack size for the averaged medium: 
 
( ) ( ) ( ) ( ) ( ) »¼º«¬ª ¹¸·©¨§ −−−¹¸·©¨§ −+¹¸·©¨§ −−= −∞−∞
−
ScrSBcrS
B
ScrSR
R adaanaaNadaanNN
BnBnRn 2/12/2/ av1av)(av1)(
2 1211121
where 
 [ ]RBRB nnSRBRBnRB aCnN ,, 12/,,2/),( )12/(1 σπ −∞ −=   . (9) 
 
Here ɋB,R and nB,R indicate ɋB, nB for bitumen and ɋR, nR for rubber. Since these two processes are parallel, then 
their rates (proportional to N1-1 and N2-1) were added. Then the required number of cycles N to crack transformation 
into supercritical can be estimated as 
. 
 1
2
1
1
1 −−− += NNN   , (10) 
 
 Relative increase of the durability comparable with the case of the unmodified bitumen equals to the quotient N/τ.          
2. Results and conclusions 
The results of calculations with use of equations (7) - (10) are shown in Fig. 4. As it can be seen from this 
figure the rubber particles of very small size (200 - 600 nm) are required to ensure optimum high durability of 
asphalt with rubber modified bitumen binder. In this size range the longest period of time to overcome the local 
cracks critical size in the rubber modified bitumen is provided. This is an important stage of transformation of initial 
crack nucleus into developed cracks with the size of several micrometers. Note that in this model the formation of 
microcracks occurs mainly in the "hot" zones where local stress exceeds the mean stress in a sample tens and/or 
hundreds of times. These zones are the main areas where starts generation of macrocracks, destroying material. With 
further growth the crack goes out from the high local stresses to the region of lower stress, becoming again a 
subcritical. Herewith this crack will spread in a narrow bitumen component of the order of tens to hundreds of 
micrometers in the area between the particles of the mineral component. At the subsequent stage, the crack will 
continue to grow by the fatigue mechanism in the mean values of stresses, possibly will be transferred into 
supercritical uncontrolled growth and being stopped again. Therefore it is necessary to use rubber modifier with 
larger particles sizes, as obstacles to the growth of such cracks. Consequently, for effective inhibition of crack 
propagation it is necessary to use a modifier with distribution of particles sizes, and presence of particles with sizes 
of 200-600 nm is necessarily. It should be noted that the crumb rubber modification of bitumen gives a positive 
result only when proper choice of the particle size as the modifier and method rubber grinding is chosen. The 
effective method for high-temperature shear grinding of polymers and rubber was developed at the Institute of 
Chemical Physics RAS (Volfson and Nikol'skii (1994), Balyberdin and Nikol'skii (2001)). This method is 
characterized by low energy consumption. It is important that the obtained powders of one to several microns 
particles sizes have highly developed surface area that promotes good adhesion of modifier particles with the 
polymer and/or bitumen matrix. In addition it was experimentally found that introduced in bitumen rubber modifier 
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particles, having a complex (fractal) structure, disintegrate into smaller particles with sizes in the hundreds of 
nanometers. Recently field studies of asphalt pavements with use of rubber modified binder were carried out. 
Results showed high efficiency of crumb rubber produced by high-temperature shear grinding (Nikol’skii (2014)).  
 
 
 
 
 
 
Fig. 4. Dependence of the relative fatigue durability of asphalt binder (bitumen modified by rubber) on the rubber particles size at Vfr = 5%. 
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Nomenclature 
 
a 
acr 
aS 
aini 
radius of the penny-shaped crack 
critical size of crack 
radius of stopped crack 
radius initial crack nucleus 
γ 
β 
τ 
 
specific fracture energy 
overstress factor 
time of crack nucleus transformation into cracks 
of size acr(B)  
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r 
c   
c0   
Cm 
cmax 
α 
C,n 
Vfr   
rm 
z   
σ0 
σloc    
distance from the crack’s tip 
concentration of microcracks 
concentration of initial sub-micro voids 
concentration of modifier particles 
concentration of microcracks at which they merge 
portion of voids, which are crack nucleus 
parameters of the Paris Law 
fractional volume of rubber modifier 
mean distance between modifier particles 
coordination number 
mean stress 
local stress 
Etot 
v 
vm 
A 
d 
N1     
N2   
N   
B, R 
k, q 
total energy of  crack 
crack’s velocity 
terminal crack velocity 
area of crack interception with modifier particles 
diameter of modifier particles 
number of cycles in process 1 
number of cycles in process 2 
local durability (in number of cycles) 
index denoting bitumen or rubber 
numerical parameters in kinetic and potential 
energies of the crack 
 
